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USPS/GCA-T1-63:  In your response to USPS/GCA-T1-16, you quote Dennis 
Carlton and Jeffrey Perloff, “All else the same, the larger a cross-elasticity of 
demand, the larger in absolute value is the direct elasticity of demand.” 

a. Please confirm that Carlton and Perloff are talking about true (i.e., not 
estimated) price elasticities under long-run equilibrium conditions in the 
quoted text.  If not confirmed, please explain fully. 

b. Question USPS/GCA-T1-16 asked about your quote that “[a] direct 
estimate of that cross price elasticity, b2, would greatly sharpen the 
estimate for b, the own-price elasticity of demand for single piece 
payments mail.”  Please confirm that the relationship between the 
estimated values b and b2 is a mathematical relationship, not an economic 
relationship.  If not confirmed, please explain fully. 

c. Consider the following two equations: 

     (1) V = a + bX1 + u 

     (2) V = a + b1X1 + b2X2 + u 

  Please express the OLS estimator of b in equation (1) as a function of the 
OLS estimator of b1 in equation (2).   

d. Please confirm that the OLS estimator of b in equation (1) and the OLS 
estimator of b1 in equation (2) in part c. of this question will be identical if 
sample correlation between X1 and X2 is zero.  If not confirmed, please 
explain fully. 

e. On page 17, at line 20 through page 18, line 2, you claim that “[o]ther 
things being equal, a further property of the demand specification in 
equation (2) is that when the cross price elasticity b2 is high, the absolute 
value of the own price elasticity, b, will also tend to be high.”  Please 
confirm that this statement is only true mathematically if the prices P and 
P2 are correlated.  If not confirmed, please explain fully. 

f. Please define the mathematical term “correlation” as it is commonly used 
in the fields of statistics and econometrics. 

g. Please answer USPS/GCA-T1-17(d) using the definition of “correlation” in 
part f. above. 

 

RESPONSE:   

b.  The equations of interest are 
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Suppose one estimates b in terms of (1.A), and estimates b2 in terms of (1.B).  

Let  be the estimated value of b, and let 2 be the estimated value of b2. Then, 

the relationship between the estimated values  and 2 is a mathematical one, or 

perhaps more precisely, a statistical one. The nature of the relationship will, of 

course, depend on equations (1.A) and (1.B). 

c.  Let Xt1,Xt2, and Vt be the t-th observed values of X1, X2 and V in the sample of 

size T:  t = 1, ..., T.  Let 1 be the sample average of X1.  Then the least squares 

estimate of b, namely  obtained from equation (1.A) can be written as 

 

As a point of information, note that 1 is the predicted value of X1 from the 

regression of X1 on the constant term which is the other regressor in the model 

(1.A). 

Now consider the model in (1.B). Let t1 be the t-th predicted value of Xt1 from a 

regression of Xt1 on the constant term and Xt2, which are the two other 

regressors in model (1.B). Then the estimate of b1 obtained from equation (1.B) 

can be written as1 

 

The sample correlation between X1 and X2 will be zero if the sample covariance 

is zero which would be the case if : 

 
                                                 
1 See pages 26-27 in, William Greene, Economic Analysis, 5th edition, Prentice 

Hall, Upper Saddle River, NJ, 2003. 

 



3 of 5 

If condition (3) holds, then  and 1 will be the same. The reason for this is that, 

in this case, t1 = 1. 

Perhaps a more informative way to look at this is to write equations (1.A) and 

(1.B) above in matrix terms.  Consider (1.A).  Let Z be the  matrix of 

observations on the regressors, which are the constant term and X1.  Denote the 

parameters of (1.A) as  = (a, b). Then the least squares estimate of  from 

(1.A) is  

 

Using evident notation, now consider the model in (1.B), and denote its 

parameters as  = (a, b1, b2).  The regressor matrix for this model is W = (Z, 

X2).  The least squares estimate of 1 = (a, b1) based on model (1.B) can be 

expressed as 

 

where 

 

If the condition in (6) hold then it should be clear that the estimates of both the 

constant and the slope parameter, b based on (1.A) will be the same as the 

estimates of the constant and the slope parameter b1 based on (1.B).  Note that 

the condition in (6) implies 

 

which, of course, imply that X1 and X2 are uncorrelated. 
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d.  Please see answer to (c) above. 

e.  Consider equation (1.B).  Given typical assumptions, the least squares 

estimator of its coefficient, namely a, b1, b2 are not biased.  However, if X1 and X2 

are highly correlated, the variance of the estimator of b1 will be large.  For 

example, using a formula in the text by W. Greene2 the variance of the least 

squares estimator of b1, say 1 is 

 

where  is the variance of the error term in (1.B), and t1 is the predicted value 

of X1 in terms of the regression of X1 on the other regressors in the model, 

namely the constant and X2.  Clearly, if X1 and X2 are highly correlated, t1 will be 

a good predictor of X1 and so the denominator in (7) will be small.  Indeed, if X1 

and X2 are “very” highly correlated, the variance of 1, as given in (7) will “huge”. 

In such a case, one would have little faith in the estimate of b1 because, for 

example, a 95% confidence interval for b1 would be very wide. 

f.  The correlation between two variables, say y and x, say corr(y, x), is defined 

as 

 

where cov(y, x) is the covariance between these two variables, and  is the 

standard deviation of y, and  is the standard deviation of x.  The sample 

correlation would be taken as an estimate of corr(y, x).  For example, one such 

estimate would be 

                                                 
2 See page 29, Theorem 3.4 in, William Greene, Economic Analysis, 5th edition, 

Prentice Hall, Upper Saddle River, NJ, 2003. 
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where 

 

where  and  are the sample averages of y and x. 


