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|. INTRODUCTION

There has recently been a substantial amouni of research devoted to the study
of nonlinear pricing in general and 1wo-past tariffs in particular. Leland and
Meyer [1976] have demonstrated under fairly generat conditions? that a two-
part tariff 1s welfare superior to a uniform price.  Spence [1977] began the study
of general nonlinear outlay schedules. Willig [1978)] has demonstrated that
there exists such a schedule which is Pareto superior to a uniform price not
equal to marginal cost. Goldman, Leland, and Sibley [1977] and Roberts [1979]
have established the result that a welare optimal general nonlinear outlay
schedule must present the largest buyer with a marginal price equal to marginal
cost.  This resvlt, which has as its counterpart in the optimal taxation literature
the requirement that the marginal tax rate be zero for the highest income bracket
{see Cooter [1978], for example), is also a corollary of Willig's resull.

However, all of these results have been established using models which posit
no economic interactions between purchasers of the nonlinearly priced commod-
ities. In this paper we relax this (implicit) assumption by postulating a model
in which the good in question is produced by an upstream monopohst and
purchased as an input by firms which sell their cutput in a perfectly competitive
downstream market. This generates ndirect inferactions between purchasers
since the marginal price faced by auy firm affects the equilibrium output price and
hence the input demand of all firms. These indirect effects have important
mmplications for the optimal pricing strategy of the upstream firm.

In Section 2 we recast the welfare analysis of the simple two-part tariff using
the classical model of perfect competition in which all firms are identical and free
entry and exit ensures that the equilibrium output price is equal to minimum
average cost. In this context we discover that iwo-part tariffs are nor generaily
desirable from a welfare standpoint, as the Leland and Meyer analysis would
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' A preliminary version of this paper was presented ai the summer Economelric Society Meet-
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University from the Sioan Foundation. The views expressed in this paper are those of the
authors and do not necessarily reBect those of Bell Laboratories or the BeB System.  We should
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suggest. Rather, their desirability depends crucially on ibhe properties of the
underlying production technolegy. This is due to the fact that the entry fee,
instead of acting as a “lump sum levy,” affects both the equilibrium pumber of
firms and their output level. This new distortion must be balanced against the
losses duc 1o a unit price in cxcess of marginal cost. We provide readily inter-
pretable sets of necessary and sufficient conditions for two-part 1ariffs to be welfare
superior 10 a uniform price.  Most surprisingly, for the empirically relevant class
of production processes in which the purchased input is required in fixed proportion
10 output, we discover that a two-part larifl is never oplimal from either a profit
or wellare maximizing standpoint.

In Section 3 we extend our analysis to encompass general nonlinear outlay
schedules by introducing firm hetlerogeneity in the context of a perfectly com-
petitive industry with Ricardian rents. Our principal result here* is that the
profit or welfare maximizing outlay schedule requires that marginal price be
everywhere greater than marginal cost. Thus the efficiency result cited earlier,
j.e., marginal price equals marginal cost for the largest user, does not hold in our
interactive {ormulation. Intuitively, this new result follows from the fact that,
here, discounts offered on the last units sold (o the largest purchaser do impact
the revennes that the monopolist receives from its other customers. For the
discount prompts the Jarge firm to expand its supply, thereby reducing the equi-
librium output price and, hence, the purchases of all the smaller firms.

2. TWO-PART TARIFFS FOR INPUTS: THE CASE OF IDENTICAL FIRMS

The classic case of the perfectly competitive industry characterized by the free
entry and exit of identical firms operating at the minimum point of a U-shaped
average cost curve provides an ideal starting point for our analysis. Since all
firms are identical, the only variables directly affected by pricing policy are the
number of firms purchasing the input and the quantity they sefect. Thus the
simple two-part tariff, consisting of an entry fee ¢ and a unit price r, is also the
most general ponlinear outlay schedule which the upsiream monopolist need
consider.

2.1. The Basic Model. There arc many equivalent ways of characterizing
downstream indusiry equilibrium for competitive firms with access to a freely
available technology facing a two-part tanff for one of its inputs. For our purposes
it proves most convenient to employ the McFadden-Lau profit function #(p,
r, w), where p is ihe {endogenously determined) price of the final product and w
is the vector {henceforth suppressed) of prices for other factors of production.
To ensure against triviality, we assume that the input in question is essential.

* This phenomenon was recently noted by Schmalensec [1981] in a similar context.
* In an carlicr note we ¢onstructed a similar but less general model in which Willig's [1978]
Pareto-superionty result does not obtain; sec Ordover and Panzar [1980)].
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No positive level of output can be produced without it.  Equilibrium in the final
product market is then determined by

§)] wlp.r,e)=fp,r}~—e=10
and
(2} ny(p, ry — Dip) =9,

where n is the equilibrinvm number of firms in the indusiry, D(p) is the demand
curve for the fina) product, and y(p, r) is the firm supply function,

At this point it is also worthwhile to recall some of the basic properties of #
and, hence, n:

dn _ g _
(3 GG
on _ Oi _
(4) W = "E__ - -r(pa ’)
M . _  _ #n
) Wap S TN

where x is the firm’s demand function for the input supplied by the monopolist.
1t will prove convenient lo establish some notation for the structural properties
of this characterization of the prodoctive technology in terms of elasticities:

(6) o=r 50
hd
- rX,
(7 1= - >0
(8) w= £Xo

X

The clasticity of input demand with respect to output price a will play an
mmportant role in our analysis. lis qualitative sign is indeterminale a priori,
but is readily interpreted in lerms of the iraditionai expansion path of the firm.
It can easily be shown that

) « = n,8

where n, is the elasticity with respect to output of the Samuelsonian constant-
outpul input demand function %(y, r). By standard classification, the input
x is said to be inferior if 5, <0, normal if 0<n, < 1, and superior if y,>1. Using
(9), these definitional boundaries are, respectively, given by «<0, 0<a<d, and
a>4. Fmally, e= —pD'/{D>0 denotes the elasticity of demand for the final
product.

With this notation in hand we are ready to perform some comparative statics
analysis in order to describe the response of the equilibrium values of p and n
to changes in the parameters r ang e, Using (1), we have immediately,
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dp __ 1
(10) ﬁ;“j,'>0
and
(1) P _*50
or ¥ '

which amounl to a slight extension to the case of a fixed charge, of the usual result
(see, e.g., Silberberg [1974]) that the equilibrium outputl price is an increasing
function of the price of an input.

The - effects on the equilibrium number of firms are somewhat more
complicated. Totally differentiating (2) and substituting (10} and (11) yields

; on _ n

éi and
of : én _mx .o

i 3 "—3"_‘—-;]7(!1 o —g).

An increase in the fixed charge affects the average but not the marginal cost curve
of the firm, and results in increased optimal firm output.  But, because dp/de> 0,
the market demand for the final product declines. This smaller demand will
be produced by a smailer number of firms each producing a larger outpuy,

An increase in the input price has an ambiguous affect on the equilibrium number
of firms because two effects are at work. Total market demand falls, since
dpldr >0. I the input is nferior or normal, then the equilibrium firm size
rises, and both forces, operating in the same direction, eosure that dn/dr <0. If
the input is superior (a > 8), however, the optimal oulput per firm shrinks, apd the
number of firms may increase provided that the final demand is not too elastic.
M, in peicemtage terms, oplimhal firm size shrinks by more than market demand,
o ‘ the equilibrium number of firms must rise. These are the forces at wosk in

ced (3.
L We cotictude this discussion ol comparative siatics resuits by demonstrating
a symmelry property which will be important in subsequent analysis.

Lemma | The change in industry demand, X = nx, resulting from an increase
in the eniry fee is precisely equal to the change in the number of firms due to
an increase in the unit price; i.e., 0X|0e=dnjdr.

oX _ 3p) an _ nx, dn
PrOOCF, be n(x, Pe + x = hy* + xﬁ_e'
Using £12), this becomes
ax nx nx\ px nx on
—_— e & oy Ete o O —_g— = ——
{14) 7 = (c+ )+(py) Pl (a-d-2) = 2.

Q.E.D.
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2.2, Welfare Analysis. We wish to study optimal choices of inpor two-
pari tariffs under a variety of objective functions. Since, by assumption, down-
stream firms always earn zero profits, we take as our welfare measure a wejghted
sum of upstream monopoly profits and the surplus of final consumers:

15) W:TS DUp)Mp + U ~ PI{r — mX + en — F)

where m and F are, respectively, the (constant) marginal and fixed costs of the
input monopolist and 0<y<1f2.  This formulation allows us 1o encompass both
the analysis of monopoly profit maximization (y=0) and Ramsey-lype constrained
welfare optima {(0<y<1/2). The case of unconstrained surplus maximization,
=142, is uninmteresting in this context. Is solution would yield e=0, r=m and
an upstream deficat of F.

Mecessary conditions for an optimum are given by

10 o wmZra-nle-mGE cnse g"}s o
ex0, e%ﬂz— 0.

an e b Z+0-n]e-m ey s dco;
F >0, .-%’;ﬁ =0

Using (2), (10}, and (11), these immediately simplify 1o

(18) W = i-2mnt Gonr-m X v - ﬂe%’i

an .58?_ ==X+ -pir-m) Sy (l—r)e

The first contrast between two-part tariffs for inputs and those for final products
3s highlighted by the simple structure of our model.  Were the market in question
a final produci ong, the assumptions of identical consumers and essentiality would
suffice for the wetl-known Coasian fesuit in which the unit price is sef equal to
marginal cost and profits are extracted via the entry fec.  In ovr model, however,
the input is essentiat but firms are not, as revealed by our comparative statics
analysis. So that, not surprisingly, this simple result rarely periains.

PropOSITION 1. A “perfect” two-part tariff (i.e., e>0, r=m) can be optimal
only if the purchasing firms are operating in a region where input demand is
unresponsive 10 the level of output and output price; thai is, ac=a, =0,

Proor. Assume, arguendo, that e>0, r=m are optimal. Then from (}8)-
(19), we must have
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oW

(20) - =(=2n+(1-pe-22 0
and _

@ | S = -2mmx+ (1-pe P =0,
Substituting (20) into (21) yields the requircmem

(22) W - a-pe( - x—a-—) 0.
Using (12) and (13), this becomes

(23) | %‘rlr(l—y)e(;; )a=0.

Q.E.D.

We turn now 1o examine whether ot not any two-part tariff is preferable to a
uniform price. Leland and Meyer [1976] found that, with no income effects,
it always paid a final product monopolist to introduce a positive eniry fee.
Schmalensee [1981] later extended this result to the casec of an objective function
of the form employed bere.  However, he also argued that this need not be the
case for an input monopolist. 'We now present a precise, readily interpretable
condition for a two-part tariff to dominate a uniform price.

ProrosITiON 2. If the total derivative of input usage with respect to inpui
price is negative (dx[dr=x,0plér+x,<0), then a uniform price cannot be
optimal.

Proor. Suppose e=0, r>0. Then from (19), we must have
oW 4 _ _
(24) Gl ==X+ -9 e-m SX o,

Multiplying (18) by x yields

(25) xSL) = =X+ a-pr-mx X

Suabstituting from (24) yields

) = a-ne-m(x 2L X
= t-pr-m(x 3 - xfn _,dx )y,

oW dx

(26) x Je ¢=0= “U“?)("m)"—d?-

Smn e e e g ———
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from Lemma 1. Thus the necessary condition for an optimum 2t e=0, dW/de<
0, cannot be satisfied il dxfdr<0. Q.E.D.

The fact that dx/dr is not always negative and a two-part 1anfl penerally desir-
able in this model may be surprising at first, After all, don’t all input demand
functions exhibit negative own-price derivatives? The difference here is that
the derivative in question is total rather than partial in that it incJudes the indirect
effect on input demand via the equilibrium ouspuir price response to an input
price change.  As Silberberg {19741 has pointed out, tatal own-price effects need
not be negative when the equalizing role of the output price is recognized. To
see this, we note that

(27 £—=xa—‘:+x=%x,+x,.

While x, <0, x, may be of cither sign. Thus we have immediately that a two
part-tariff is required for optimality if the input is inferior {x,<0). Somewhat
surprisingly, this result can be extended.

Prorosimon 3. A uniform price can be optimal only if the input is strictly
normal over the relevant range. That is 0<a<$, or equivalenily 0<n,<1.

PrOOF. lospection of (27) establishes the result for the casea=px /[x<0.
For superior inputs, we exploit the convexity of #(p, r):

(28) Apf,, — 2, = —x,y, — x2 =0,

which yiclds
(29) x, < -2,

Upon substituting this into {27), we obtain

dx ( X x xx
30 L 2o e 2 (5ma) .
(o) dr *» » ¥» Py, (-
The r.h.5. of (30) is negative only if x<0Q or a>J. Q.E.D.

We have left the case in which the technology requires that x and y vary in fixed
proportion, i.e., 8=a or n,=1, for special discussion since the nature of the
optimal two-part tariff there depends crucially upen the smoothness properties
of the underlying technology with respect 10 x:

ProrosnION 4. If the underlying production function is strongly quasi-
eoncave and homothetic, there exists a two-part tariff superior 10 a uniform
price.

PRI T
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Proor. Under these hypotheses Silberberg [1974] has shown that dx[dr <0,
in which case Proposition 2 applies. Q.E.D.

For the interesting and empirically relevant case in which the input x (but not
all olhers) is required in fixed proportions for the production of r, we obtain
precisely the opposite result!

PROPOSITION 5. Given fixed proportions between x and y; ie., Cly, r, wi=
rzy+ (v, w); the optimal entry fee must be zero.

ProoF. Under these conditions, y(p, r, wy=f(p—rz, w). Letting f'>0 re-
presert the derivative of f with respect to its first argument, we have

._a!_ s 7 ay = — = ay
E1) ap S o zf Z—Fp— .
Substituting (31) and the identity zy=x into (10} and (11) yields
dp _ . dp _ 1
(32) T e Ty

Totally differentiating (2) and solving using (31} and (32), we obtain

2 ¥

Ins:riing these results into (18) and ('19), using Lemma 1 leaves us with

AW o _ {(r—m)zD" | e(D'—nf")
(34) = (t=m+ () y)[ Wy e }
and

aw _ . _ L apy , €2D
(35) W = (1= 2y + (1 y)[(r myzD’ + £ ]
Substituting {0 W/dr)/zy =0 into (34} yields

W _ _(1—yy 2L

{36) re (-7 % <0

Since, with the exception of ¢, all terms on the r.h.s. of (36) are strictly positive, the
only way the necessary condition &{@W/de}=0 can be satisfied is with e=0.
Q.E.D.

The intuition behind this result is rather straightforward. It is well-known
that under fixed proportions an upstream uniform pricing input monopolist can
extract all the profits which an integrated uniform pricing monopolist could reap.
Since competition downstream ensures that a uniform price prevails in the final
product market, there can be nothing to gain from introducing a two-part tariff;
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optimal choice of r allows the monopolist 1o earn the maximum possible under
such circumstances.  There is something to lose, however, since an entry fee >0
causes the downstream firms to opcrate at an inefficiently large scale. Total
(upstream plus downsiream) costs are not minimized and a portion of this dead-
weight burden falls on the monopolisi.  Viewed another way, this result reveals
the futility of attempting to impose a seemingly nondistortionary lump-sum levy
¢ on a perfectly competitive indusiry with free entry and exit. See Carlton and
Loury [1980] for another example of this principle.

The qualitative results thus far are valid for both profil maximizing monopolists
and welfare maximizing firms bound by profit requirements. Thus there is a
clear implication that pricing rules for profit and {constrained} welfare maximizing
monopolisis in some sense “look ™ 1the same. The policy issue which our analysis
has yet to address concerns the desirability, as measured by tota) surplus, of
altowing a uniform pricing profit maximizing monopolist to introduce a two-
part tariff. Absent strong regularity assumptions on the underlying structural
model it i impossible, in general, to compare welfare levels generated by a profit
maximizing monopolist with and without the ability to offer two-part tariffs.
(See Leland and Meyer [1976] for some simufation results on this subject).
However, our analysis does allow us to deduce something about the relative
marginal social and private incentives to introduce two-part pricing.

PROPOSITION 6. With respect 1o an initial uniform pricing equilibrium with
¥>>m, the private marginal incentive to introduce a two-part tariff always exceeds
the social one.

ProoF. In our formulation, Wequals one-half total consumers® plus produocer’s
surplus, "+ S when y=1/2. Therefore, using (19) we have

5(!1"‘-[—8) - 6W _ _ aX
Gn T % "2—5?!,=% =tr=m)—5 .
1= Te=9
Whereas
(38) Lol [ SN L R

Q.E.D.

Thus it scems safe to conclude that there may be cases in which it pays a profit-
maximizing monopolist to introduce a two-pant tariff which Jowers total surplus.

3. OPTIMAL OUTLAY SCHEDULE FOR AN INPUT. THE CASE OF HETEROGENEOUS
' FIRMS

In Section 2 we analyzed the welfare implications of supplanting a uniform
price scheme with a iwo-part tariff. We noted that when all buyers have identical
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! cost functions, more precisely, identical derived demand functions for the input,
' a two-part tarifl is the only relevapt alternative to a uniformn price. In this
s section we relax the homogeneity assumption and postulate instead that firms differ
; in their cost functions. Once heterogeneity among the input buyers is admitled,
’ the set of possible pricing schemes encompasses not only a uniform price and two-
part tariffs but alsp other more compiex arrangements.  In fact, a two-part tariff
is usually not the best price schedule that can be implemented. 1In this section,
we allow the purveyor of the input — the upstream monopolist — to choose any
pricing schedule, subject, however, to various constraints which we shall spell
out below. The resulting price schedule is referred to as the {optimal) outlay
schedule for an input and is denoted by R{x). We show that the properties of
R{x)differ in important respects from the properties of the optimal outlay schedules
for outputs, (see Willig [1978), Roberts [1979]) or, for that matter, from the
optimal income tax schedules, {see Mirrlees [1971], Cooter [1978]).

In particular, we demonstrate that when uniform marginal cost pricing is in-
feasible, all irms face marginal prices for the input which exceeds its marginal
cost. This finding is in contrast 1o the vsual result found in the optimal pricing
v literature. The classic result (see Willig [1978]) states that any Pareto-optimal
outlay schedule must have the property that the marginal price paid by the Jargest
: purchaser musl equal marginal cost. (The optimal income tax analogue is that
; the marginal income tax is equal to zero at the top of the income tax schedule))
This difference in results arises because in our model & discount offered to the

N Targest buyer leads it to increase its outpot, depressing the market price and the
R input purchases of smaller firms. Previous models have not allowed for the

A possibility of such indirecl economic interactions.
o We do not wish to imply, however, that quantity discounts to large buyers may
be welfare suboptimal. To the contrary: For a omne-to-one cost function we
are able to demonsirate that the marginal price paid by the largest user of the
; input, while still above the marginal cost, is lower than the marginal prices paid
- by all other users of the input. This implies that, at least locally, the optimal
o outlay schedule is characterized by quantity discounts.

H
H

R e

3.1. Preliminaries. Before R{x} can be established, the model of the down-
stream industry must be cast in a form which will permit us to characierize the
L diversity in individual firm technologies. We do this by indexing the structural,
competitive profit function # with the cost reducing parameter 1[0, T}. Thus
‘ # = #{p, r, 1), with 6a/dt=i,>0 implying that greater levels of + make it possible
for the firm to achieve higher (maximized) profits, given output and input prices.
We assume that 1 measures the firm’s endowment of a productive fixed factor which
is normal and complementary with x for all values of r and all levels of cutput.
This implies that favored firms are unambiguousty “bigger’” in the sense that they
supply more output and demaund more of the monopolist’s input. That is,
using the derivative propertics of #,

S e e T
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&?F _ oy(p, r, t) _ i
(39) ?FBT = - --—-ar—-—— > 0;

Fa _ dxip,r, ) _
e e

We assume that the least efficient firm is just viable when the input is uniformly
priced at marginal cost m; i.c.,

{40) A{ps, m, ) =0,

where p* is the resulting equilibrium price in the downsiream market.

In order to develop a manageable opiimal control formulation, Jet us assume
for a moment that the optimal R(x) schedule is known. When conironted with
such a schedule a firm of type 1 has derived supply and demand functions $(p, )
and £(p, 1} which resalt from the solution of the program:

{41) max py — ¥(y, w, x, 1} — Rix)
Y. x

where V is the minimum expenditure on other inputs, the variable cost function
representation of the technology. Let us denote by (1} the slope of the outlay
function evaluated at 2(p, 1); te. r{)=R'[*(p, 1)). Thus, r{f) is the marginal
cost of the input to a firm of type 1.5

Observe that if the monopolist could identify a firm’s 1 it would be able to induce
the same supply and demand behavior by the firm. This follows from the fact
that, given that the firm is producing, only the marginal properties of the outlay
schedule matier.  Therefore 2(p, fy=x(p, r(1), 1}= — 87 jdr and Pp, = ylp, r{O), 1)
=afi/dp. Were firm r able to purchase all of s x at price r(i), its profits would
be given by #(p, H{1), 1). In general, however, the prices pajd for inframarginal
units will diverge from #{f) and actual profits a(z} will differ from #; the difference,
#—n, which accrues to the monopolist can be viewed as a firm-specific entry fee
#{1). From this perspective, then, the outlay schedule R{x) can be viewed as a
set of firm specific two-part tariffs, (e{r), n(r)): personalized entry fees and marginal
prices. When a firm is presented with such a tariff, it purchases the same quantity
of imput, produces the same ouiput, and earns the same profit as it would if it
were optimizing against the impersonal outlay schedule R(x). This observation
permits us to convert the problem of choosing the optimat outfay schedule into the
problem of choosing the set of optimal firm specific two-part tariffs (see Roberis
[1979], for a similar approach). 1n fact, in what follows it will prove advanta-

geous 1o treat n{f) as being subject to choice, i.e., as a state variable, and let #1)
be implicitly defined as #{p, (1), 1}— n{1).

* Dur use of this construction formally limits our analysis 10 the characterization of the op-
timal differentiable outlay schedule. Given our smoothness assurnptions this docs not seem
overly resirictive.  However, proving that the optimal R(x) is differentiable is rypically quite
difficutt and will not be atiempted here,  Sce Goldman, Leland, and Sibley [1977].
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However. both formuvlations obscure the umportant fact that no firm-specific
information is available 10 thc monopolist.  When the purveyor of the input
does not use any such information regarding buyers, the fully decentralized input
allocation process guarantees that

.o

(42) n -—&"r- =0,

where i =dr{n)jd1. Using an argument due to Mirrlees {1571], we can show that
this follows from the fact that in a decentralized system a firm of type 1’ would
behave “as il*” it were a firm of type 1, if by so doing it could earn higher profit.
Indeed, for any firm it must be true that the difference between the maximum
profit that it can earn n(t} and the profit that it earns when it buys the input
using its “personalized” two-part taniff is zero. That is,

{@lp, AN, ) — e(] — nlt) = 0.

If a firm of type ¢ were lo purchase jts inputs using the same schedule, it would
have to earn no more than its maximum level of profit.  That is,

[a(p, rin), 1) — )] — n(I'} < 0.

Thus, if we let the index 1’ range over all the feasible values of f, this shortfall
will be minimized when " =t. In other words,

(43} 1= argmax [&(p, D, 1) — et} - =x(1].

Equation (42} is necessary for (43) to hold and therefore becomes our “'law of
motion.”

3.2. The Optimal Contro! Formulation. We now have ihe ingredients needed
to characterize the optimal outlay schedule using control theory. 1n the for-
mulation that foliows, =(2) is the state variable satisfying the differential equation
(42). Qur choice variables are the controls r{t}, p, and the marginal producing
firm type s [0, T), n(s)=0. The market pricc p is, strictly speaking, not under
the direct control of the monopolist, being instead an implicit functional of r{r).
However, it is more convenment and instructive to treat p as 2 decision variable
and impose as an additional constraint the condition that demand egnal supply
in the downstream market.

Owr objective function is a weighted sum of downstream profits, consumers’
surplus $(p} and the monopolist’s profits. These latter are given by

¥
(44) am = S; a™{Dg(dt — F

where g{r) is the positive measure of firms of type ¢ and n™(1), the net profit
obtained by the monopolist from a firm of type 1, is given by

(45) sy = F(p, A1), £ — w1} + () — mde(p, A1), 1).
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The social welfare function is thus

T

(46) W=y5tp) +{ [men) + (1 = yamnlatads — F.
This formulation reflects the fact that now, unlike in Section 2, the downstream
firms earn profits and some welfare weight must be attached 1o it. To avoid further
complications we assign them the same weight y as we do a dollar of downstream
consurners’ surplus. This is a natural assumption for the case of a perfectly
competitive industry.

W is 10 be maximized via appropriate choices of r{i}. p. and s subject 10 the
constraint 1hat demand equal supply in the downstream market:

"
(47) D(p) — S vlps r{r) Ng(ehde

and our equation of motion (42). We let p{r) denote the costate variable as-
sociated with that constrainl. Once these constraints are adjoined, our new
maximand is

T
48  L=W4+ A[D(p) - Sr_l‘(p. o, ngu)dr] v S S, — A,

5

To put {48) ip 2 more familiar form, we define the Hamiltonian function
49 H( = [yn(ny + (0 — a0 — 2x(p, r(1), Ng() + (A,
= {2y « D + (3 — pHF + (1) — mx) — Aylglt) + plnF,.
Using (45), {46}, (49) and integrating by parts the last integral in {48), we obtain

(50) L =7yS(p) + iD(p) + ST[Hm + jn(0)dr — [HTIF) — wsn(s)],

where = du(t)/d1.
Applying the Maximum Principle, we obtain as necessary conditions for op-
timality the constraints {42) and (47} and®

oH

{51) & = Wt - m)x, — Ay Jg(2) — p(Nx, =0 refs 1)
(52) Ay =~ 2~ - 2900 refs, T1
oL o (T8 _ ) L
£53) - Dp) + 0+ | LA 0ip2 0 p =0
EL _ (1 = 2(p) + D"~ ygdit + {41~ DD — odx,g + pyde
o = {1 — 29)(p) + AD" ~ L ¥of .;“ ¥ A8+ ryu

* To avoid unpecessary clutier, we will suppress the arguments of functions where no con-
fusion will result.
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plus the transversality conditions
(54) ‘ p(T) = 0
{55) H(s) = {(} — D& + (r(s) - mIx] — Zylg(s} + u(s)R, = D.

3.3. Oprimality Results. The properties of oplimal nonlinear outfay schedules
for inputs are readily derived via straightforward manipulation of necessary
conditions {51)-(55). However, before we can proceed, we require the following

LemMA 2. For an optimal schedule, 120 with i>0 unless y=1/2,

This result is quite intuitive but its proofl 15 surprisingly complicated and is
relegated 1o the Appendix. Here, we altempt only to argue far jts plausibility.
Nonnegativity would foltow by construction if {47) were an inequality constraint.
Indeed, fl is tempting to interpret it that way since an increasc in p serves to shift
owtward the willingness 1o pay functiens of all the downstream firms. I the
monopolist were notl constrained to *‘quote”” a price such thal demand was at
least equal to supply, perceived downstream “‘sales” (and upstream profits)
could be made to grow without bound. Hence one would expect the constraint
to be strictly binding except fos the limiting case of pure surplus maximization.

This brings us to a familiar result for the case of unconstrained surplus
maximization.

PROPOSITION 7. If y=1[2 the input is priced vniformly af marginal cost,
there is noentry fee and no downstream firm Is excluded from the input market.
That is, {y=m and s=0.

ProoF. From (52), =0 when y=1/2. Thus, using {54), p{f}=(T)=0 and
(51) yields '

(56 Aty =m + Ay, f(1 ~ y)x, = m

using Lemma 2. To sec that no firm is excluded, note that these arguments also
imply that

H(s) = {} — n)A[p*(s), m, s]gis),

where p(s) satisfies (47} for r(f}=m. {Clearly, dp*fds>0.) Thus, transversality
condition (55) can be satisfied oniy if s=0, since & p*(s), m, s]> #[p=(D}), m, D}=0
for positive 5. A Q.E.D.

The reason for this resull is obvious: I the redistribumion of surplus between
the upstream monopolist and downstream consumers and producers is viewed
as a pure transfer there can be no reason Lo introduce any distortions into the
price schedule. This means that the input price must be equal to marginal cost
for all firms and that no i{lrm viable at that price be excluded becanse of a positive
entry fee.
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Turning to the more novel features of our anaiysis, we now examine the pro-
perties of optimal outlay schedules for inputs when upstream profits are weighed
more heavily than downstream surplus, ie, 0<y<1/2. As mentioned earlier,
this case covers both pure profit maximization and welfare maximization subject
10 a binding profit constraint. We begin with our main result.

PrROPOSITION 8. Given y< V2 and that x is a normal input (i.e., — y,=x,>0)
marginal price exceeds marginal cost for all firms, including 1he most favored.
That is, rin>m Yie[s, T

Proor, Solving (51} yields

Ay ity
57 ) - = . e N s W
e7 At T (Ey F )
From (52} and (54}, we know that p(tt<Ofor r< T, and 1>0 by Lemma 2. Thus
botk terms on the right hand side of (57) are strictly positive. Notc that for
t="T, (57) reduces to

— Av,
(58) Ty ~m= =7 >0
because u{ T)=0: nevertheless, the result stitl holds. Q.E.D.

Equation (57) clearly distinguishes two causes for the excess of marginal price
over marginal cost.  The second term on the right hand side is the distortion due
1o the seMf-selection constraint, The desire to reduce the marginal distortion
10 the purchaser of type ¢ is tempered by the realization that any such reduction
will alse reduce the revenues collected from larger buyers. However, for the
buyer of type T this effect goes away because there are no bigger purchasers who
must be considered. This accounts for the marginal price equals marginal cost
yesult at the “top’" of the schedule in earlier models of nonlinear pricing, and the
analogous zero margina! tax rate resuli in the optimal taxation fiterature.

However, in a model which allows for market-generated interactions among
users, equation (58) reveals that the distortion cannot be eliminated. A margina!
discount to onc user afways impinges upon the revenue which can be collected
from other purchasers. Thus, in our model the first term on the right hand side
of (57) is, in essence, independent of user size. Tt reflects the fact that a slight dis-
count in the marginal price for vser 1 will induce it to supply more to the down-
stream market, This results in a fall in the price of the final product which
causes all firms to reduce their purchases of the input,

The magnitude of this distortion differs over 2, if at all, solely because of inter-
firm variation in the ratio of marginal output supply and input demand responses
¥,/%,. Indeed, we showed in Section 2 that when the technology requires z units
of x for each unit of y that x,fy,=z. Thus, in that empirically relevant case, the
distortion can truly be divided up into an irreducible minimum plus a purchaser
specific effect:
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o A mli)x, A
S T Ca A T iy wiyr 1 SR T g

= (T)—m.

Inspection of (539) yields:

PROPOSITION 9. In the case of fixed proportions, the mark-up over marginal
cost paid by the best endowed firm, while strictly positive, is less than that paid
by any other firm,

4, CONCLUDING COMMENTS

Because of Lhe title of our paper and the details of our model, the reader may
come away with the impression that we obtain resulis sharply distinct from those
of carlier writers primarily because we are studying the pricing of inputs rather
than outputs. Nothing could be further from the point! Our results emerge
because we are analyzing a model in which the purchasers are inextricably bound
together by their participation in the marketplace. This suggests that the classic
“zero marginal tax rate” results in the optimal taxation literature are not robust
to changes in the standard format in which the individuals being taxed have no
economic interactions with each other. Recent work by Ordover {19807 and
Stiglitz [1981] seems to confirm this suspicion.

New York University
Bell Laboratories

APPENDIX

PROOF of Lemma 2: Rearranging necessary condition (5t) and multiplying
by x, yields

AXpv, 4 HXpX)
X x,

r

(Al) (I —y)riz) —nm)gx, = -

Integrating (A1) and substituting the result into (53) yields

(ay g

L sope _ (7 T XpX,

b—= (=2 D+ &0 -\ Algdy + \ ui y,+ —{——— dt

where A4(N)={x,y,— yx,)/x, 20 from the convexity of #. Therefore, let B<0

denoic the term multiplying 4 in ¢(A2). For a regular interior maxtmum of

program (41}, we note that
dx _ ¢%

(a3 X =2

Td T Vo=V ViV, V V) RT = V) > 0.

¥t

(The numerator is positive because of the normality and complementarity of
x and the fixed factor; the denominator is positive due Lo second-order conditions.)
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Thus the opiimal schedule must have 1he property that dxfdi=xr4x>0.
Therefore 7 < —x,/x, and

(Ad) (I_V =y, + .pr,.- = p, - _t’j- - Rl o} -+ ..
dt X,
Substituting this into (A2) yields
oL -7 {7,y
{AS) Gp Z(1-MD IR+ \ n-G
Integrating by paris yields
(A6) L 2 2B~ pls)y(p.ris). 5) 2 AB

with the inegualities sirict unless p(s)=0. Thus AL/Gp< 0 requires Az20. If
y=1/2, p(s}=0 and =0 for p>0. W y< /2, p{s)<0 and we must have i>0
for dL}dp<0. Q.E.D.
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